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UNIT-IV 
 

LAPLACE TRANSFORMS: 

Definition: Let F(t) is a function of “t” defined for all positive values of  ”t” , then the 

Laplace transform of f(t) is denoted by   L {F(t)} = f(p)=f(s) and is defined by , 

    
0

pte F( t )dtL F t   f p  


  

 

Provided  the integral is convergent. The parameter “p” of “s” may be real or complex number.

 

Laplace Transform   L {F(t)} = f(p) Inverse Laplace Transform  L
-1

 {f(p)}= F(t) 
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


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Linear Property   L{aF1(t)+bF2(t)} = aL{F1(t)}+bL{F2(t)} : L
-1

{aF1(t)+bF2(t)} =a L
-1

F1(t)+b L
-1

F2(t) 

 First Shifting (Translation)Theorem  

         L{e
at

 F(t)} = f(p-a)    where f(p)= L {F(t)} 

First Shifting (Translation)Theorem  

L
-1

{ f(p-a)} = e
at

 L
-1

 F(t)} ,where f(p)= L {F(t)} 

 

Second Shifting (Translation) Theorem : If  

0

F( t a ) ; t a
G( t )

; t a

 
 



    Then 

           )(apL G t e f p  ,   where f(p)= L {F(t)} 

Second Shifting (Translation) Theorem 

 1

0

ap F( t a ) ; t a
{ } G( t )

; t
L e  f

a
p   









 

 ,  where f(p)= L {F(t) 

Change of Scale property
1 p

{ ( )} f ( )
a

 L F at
a

                      

where f(p)= L {F(t)} 

Change of Scale property:
1 1 t

L { f ( ap )} F( )
a a

  ,   

where   F(t)= L
-1

{f(p)} 
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Differentiation Theorem    L{F’(t)}= p L{F(t)} – F(0)    

                                 &   L{F
n
(t)}= p

n
 L{F(t)} –p

n-1
 F(0)-   p

n-2
   F’(0)-  ….  - F

n-1
(0) 

Integral Theorem   If F(t) is piecewise continuous function and  |F(t)|Me
at  

   then 

0

1
t

L{ F( x )dx } L{ F( t )}
p

   

Multiplication Th. 1
d

L{tF( t )} ( ) f ( p ) f '( p )
dp

      

                                 1
n

n

n

d
( ) f ( p )

d
L t F

p
t      

Multiplication Theorem  
1{ ( )}L p f p

 = F’(t)  

1 1
n

n n n n

n

d
L { p f ( p )} L { p f ( p )} F ( t )

dp

              

where F(t)= L
-1

{f(p)}  

Division Theorem  

p

F( t )
L{ } f ( p )dp

t



   Division Theorem   

0

t
-1 f ( p )

L  { } F( t ) f ( p )dp
p

    

0 0

t t
-1 n

n

f ( p )
L  { } F( t ) .............. f ( p )dp

p
     

Fundamental theorem of periodic function: 

If F(t) is a periodic function of period T then  

0

1

T
pt

pT

e F( t )dt

L{ f ( t )}
e









  

 

Q .1.  Find the Laplace transform of the Elementary functions:    

(i) 1  (ii) t  (iii) t
n
(iii) Sinat  (iv) cosat   (v) e

at
   (vi) sinhat  (vii) coshat 

Q .2.  Find the Laplace transform of the Elementary functions:    

2 2 1
( ) ( 1) [ ] ( ) 20 ( ) 2sin .cos [ 2018 ]

ate
i t ii CE iii t t May EC

a


 May2018EC [May 18 ]

 
2( ) sin3 .sin 4 ( )4cosiv t t v t  2 3( ) t tvi e e   2( ) (sin cos )vii t t 4 3 3( )3 2 4 2sin5 3cos2tviii t t e t t     

( )6sin 2 5cos2ix t t [May 2018] 

Q .3.  Find the Laplace transforms of(1)   sinL t   (2)
cos t

L
t

  
 
   [

 [ Ans: (i)

1

4

3/22

pe
p




  (ii)

1

4 pe
p




 

[ Hint: 
3 5

.........
1! 3! 5!

x x x
sinx     &

2 4

1 ........
2! 4!

x x
cosx      ]  

Laplace transform of discontinuous functions: 

Q .4.   Find the Laplace transforms of 
1 ; 0 2

( )
1 ;2

t
f t

t t

 


 
    [May 2019 

Q .5.  Find the Laplace transforms of 

2( 1) ; 1
( )

0; 0 1

t t
f t

t

  


 
  [Ans: 

3
2

pe

s



 [June 2015, Nov. 18] 

Q .6.   Find the Laplace transforms of   
sin ; 0

( )
0 ;

t t
f t

t





 
 


  [Ans: 

2

1
(1 )

1

pe
p

 


 

Q .7.  Find the Laplace transforms of  ( ) 1 1 , 0f t t t t       [Ans: 
2

(1 )
pe

p p



  
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Q .8.  
[Hint :   

( 1) ( 1); 0 1
( )

( 1) ( 1); 1

t t t
f t

t t t

      
  

      
 

1 ( 1), 1 & 1 ( 1) , 1 1 1 , 0t t t t t t and t t t            
]
  

Q .9.  Write three properties of Laplace Transform.       [May 2019] 
 

FIRST SHIFTING THEOREM   (Translation)Theorem   L{e
at

 F(t)} = f(p-a)    where f(p)= L {F(t)}] 

Q .10.  State and prove first shifting theorem.        [June 2014] 

Q .11.  
Find the Laplace transforms of   (1)    4 sin3tL e t

   [ Dec.2007]  (2)   (3sinh 2 5cosh 2 )tL e t t 
 

 
(3)  3t nL e t

 (4)
 
 2sintL e t

[May 2018]
 [Ans: (i) 

2 2

3

( 4) 3p  
 (ii) 

2

1 5

2 3

p

p p



 
 (iii) 

1

!

( 3)n

n

p 
       

 

Q .12.  State and prove Second shifting theorem. 

 Or  If  L {F(t)}= f(p)  and 
( ),

( )
0,

F t a t a
G t

t a

 


      

then L{G(t)}=e
-ap

 f(p)   

Q .13.  State and prove Change of Scale property. { If  L {F(t)}= f(p)  

  

then L{F(at)}=1/a  f(p/a)  

MULTIPLICATION THEOREM              [     1
n

n

n

d
( ) f ( p )

d
L t F

p
t     ]        where f(p)= L {F(t)}] 

Q .14.   Find  (1)  sinL t at  [May 2018 EC] (2)   2 sinL t at
  [ Dec. 2004 , 2010, 2011,May 2018]

 

 (3)  4 3tL t e
 [June 2016]  (4)

 
 2 cosL t at  (5)

  
 sintL te at

 [RGPV. June 2006,2016]  

(6)
 
 n atL t e

   [May 25018 EC]  (7)
  

 4 sin3tL te t

[May2018]ME
 

Q .15.  Find (1)L{ t
2 

e
-2t 

 cos3t}  [June 2014] (2)  sintL te at
(3)

 
 sin3tL te t

   [June 2006]
 

[Ans: (1)                       (2)  2 2 2

2 1

1

a( p )

{( p ) a }



    (3) 2 2

6 1

2 10

( p )

( p p )



 
 

DIVISION THEOREM:                
p

F( t )
L{ } f ( p )dp

t



 
      

where f(p)= L {F(t)}] 

Q .16.  Find the Laplace transforms of    
sin t

L
t

 
 
 

 and obtain   
sin at

L
t

 
 
 

  [Ans: tan
-1

 (1/p) & tan
-1

 (a/p)   

Q .17.  Find  (i)  
1 cos 2t

L
t

 
 
 

[   Ans: 

2

2

1 p 4
log( )

2 p


][ Dec. 2003, June 2007, 2012]   

(ii) 
1 te

L
t

 
 
   

[Ans: p 1
log( )

p

  Dec. 2011]   (iii)
 

at bte e
L

t

 
 
  [May 2018] 

 [Ans: p b
log( )

p a




 ]  

Q .18.  Show that 
cos at

L
t

 
 
 

does not exist but
cos cosat bt

L
t

 
 
 

 exist and find it.  [ Dec. 2010June 2012] 

Q .19.  Find the Laplace transform of
sinte t

L
t

 
 
 

      [Ans: cot
-1

(s+1) ]
    

 

LAPLACE TRANSFORM OF DERIVATIVES: 
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Q .20.  Prove that :  If  F(t) is continuous for all t>0 and be of exponential order “a” as t

  

and if F’(t) is of 

class A , then Laplace transform of  F’(t) exist and  '( ) { ( )} (0)L F t pL F t F    [June 2001] 

LAPLACE TRANSFORM OF INTEGRALS:  [

0

1
t

L{ F( x )dx } L{ F( t )}
p

  

Q .21.  Find  (1) 

0

sin
t

t
L dt

t

  
 
  
  (2) 

0

sin
t te t

L dt
t

  
 
  


 [ Sep. 2009, June 14]    [[Ans:  (1) cot
-1

p  (2) 1/p cot
-1(

p-1)   

 

 

EVALUATION OF INTEGRALS USING LAPLACE TRANSFORM: 

Q .22.  Evaluate   (1) 
0

sinte t
dt

t

 

 (2)

 0

sin
t

at
dt

t
 

 (3)

 0

cos cosat bt
dt

t




 4) 3

0

sintte t dt




  (5)

 

3

0

sintt e t dt




  

[Ans:  (1)                          (2) tan-1 (a/p)   (3) 

2 2

2 2

1

2

p b
log

p a




  (4) 3/50   (5) 0 

Q .23.  Using Laplace transform    Prove that   (1) 

0

sin

2

t
dt

t




       (2)

0

log
at bte e b

dt
t a

  
  

 (3) 2

0

3
cos

25

tt e t dt


 

 
Laplace Transform of Some Special Functions :  

Q .24.  Find Laplace transform of (i) Sine Integral Function 

0

sin
( )

t
u

Si t du
u

 
[Ans: 1/p cot

-1
p]

 

(iii) Unit Step Function or Heaviside’s function  
0,

( )
1,

t a
H t a

t a


  

  

[Hint: use discontinuous function formula  L{H(t-a)}= e
-ap

/p ] 

(iv) Dirac Delta Function or Unit Impulse function  

1
0,

( )

0,

t
F t

t


 




 

 


 [Dec. 2003, Dec. 2006] 

[Ans: 1/s ( 1-e
-s

)] 

Q .25.  Let F(t) = f(p) be a periodic function with period T  , then  prove that
 

0

1

T
pt

pT

e F( t )dt

L{ F( t )}
e










 

          [RGPV Jan. 2007,Dec. 2011]
 

Q .26.  If L {F(t)} = f(p ) then prove that   L {t F(t)}=-f’(p)   [RGPV. Dec. 2001] 
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INVERSE   LAPLACE TRANSFORMS: 
 

First Shifting (Translation)Theorem : L
-1

{ f(p-a)} = e
at

 L
-1

 F(t)}  ,  where f(p)= L {F(t)} 

Q.27  Find the Inverse Laplace Transform of (i) 
1

2 2

6 3 4 8 6

2 3 9 16 16 9

p p
L

p p p

   
  

   
 (ii) 

1

2

1

6 18
L

p p

  
 

  
 

 (iii) 
1

2

3 7

2 3

p
L

p p

  
 

  
 [May 2018 EC]  (iv) 

1

2

1

9 2
L

p p

  
 

 
  [June 2016] 

(v) 
1

2

3 2

4 20

p
L

p p

  
 

  
[May 2018 CE,EC]  (vi) 

1

2

5 3

( 1)( 2 5)

p
L

p p p

  
 

   
 [May 2018] ME 

 

Q .17.  Find  (1)

 

1

2

1

6 10
L

p p

  
 

  
 [May 2018]  (2)

 

1

2

1

( 2)

p
L

p

  
 

     

 

  (3)

1

2

3

( 1)
L

p

  
 

 

   

  (4) 

2
1

3

6 15 11

( 1)( 2)

p p
L

p p

   
 

   [Nov18]

    

 (3) 

2
1 2 6 5

( 1)( 2)( 3)

p p
L

p p p

   
 

   
   (5)

 

2
1

3 2

6 22 18

6 11 6

p p
L

p p p

   
 

    [June 2015] 

 

Convolution Theorem: If  L
-1

 {f(p)}= F(t) and L
-1

 {g(p)}= G(t)  , where F and  G  are two function of Class 

A    then     1

0

{ ( ). ( )} ( ) ( ) *

t

L f p g p F x G t x dx F G     

Q .18.  Use Convolution theorem to evaluate. (1)
1 1

( 1)( 2)
L

p p

  
 

   [May2018CE, EC]

   

 (2)
1

2 2 2

1

( )
L

p a

  
 

   

 (3) L-1[ 
1

 𝑝+1 {𝑝2+1)
] [June 2014] 

 

 (4) 
1

2 2 2( )

p
L

p a

  
 

 
 [RGPV.June 2008, June, Dec. 2011, 2012, Dec, 2011, June 2015, June 2016] 

   (5) 
1

2

1

( 3)( 9)
L

p p

  
 

  
[ June 2011 ,Nov.18](6)

2
1

2 2 2 2( )( )

p
L

p a p b

  
 

  
[ June 2006, 2008,Dec. 

2008,2010]  
Heaviside’s Expansion Theorem: If f(p) and g(p) are two polynomials in p  ,where degree f(p) <degree g(p) . If g(p) is 

a polynomial of n- distinct zeros 1 2, , ............ n  
then  

1 21 1 2

1 1 2

( ) ( )( ) ( )( )
{ } ...........

( ) '( ) '( ) '( ) '( )
i i

n
t tt ti i

i i i

f ff ff p
L e e e e

g p g g g g

    

   





   
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Evaluate 

2
1

2 2

6

( 1)( 4)

p
L

p p

  
 

       

[RGPV. June 2002, 2012 Jan. 2006] 

Q .23.  Evaluate  
1

2 2

2

( 4 5)

p
L

p p

  
 

       

[RGPV. Sep. 2009] 

Inverse Laplace transform using multiplication theorem:  

    1
d

L{tF( t )} ( ) f ( p ) f '( p )
dp

      or                       1
n

n

n

d
( ) f ( p )

d
L t F

p
t      

Q .24.  Find  (i)

-1

2

p(p +1)
L log

(p + 4)

 
 
   [RGPV. Dec. 2004] 

 (2)

 

1 1
log

1

p
L

p

  
 

 
 [June 2005, Feb. 2010] 

 

 

 

(3) 

2
1

2

1
log

p
L

p

  
 
 

 [Jan2006]

    

(4) L
-1

 [log 
𝑝+1

𝑃+3
]    [June 2014] 

 (5 ) 
1 1

log(1 )L
p

  
 

    (6)

1 1{tan ( / 2)}L p 

  (ii) 
1 1{tan ( / )}L a p 

     [Dec. 2012]

 
 

 

Differentiation Theorem      L{F’(t)}= p L{F(t)} – F(0)   

 And                L{F
n
(t)}= p

n
 L{F(t)} –p

n-1
 F(0)-   p

n-2
   F’(0)-  ….  - F

n-1
(0) 

 

SOLUTION OF DIFFERENTIAL EQUATIONS BY LAPLACE TRANSFORMS  

Q .25.   Using Laplace Transformation solve the following differential equation  

2

2
9 6 3

d y
y cos t

dt
 

        

 y(0)=2,  y’(0)=0, 

Q .26.  Using L. T. solve the following differential equation 
2

2
9 cos 2

d x
x t

dt
  ,if  x(0) = 1, ( ) 1

2
x


 

 

           
[RGPV .June. 2008] 

Q .27.   Using Laplace Transformation solve the following differential equation  

 y’’ -2y’ +y =e
t
 ,  y(0) =2 ,  y’(0) =-1  [RGPV. Dec. 2008 , 2011 , Feb. 2010,Nov.18] 

Q .28.  Using Laplace Transformation solve the following differential equation  

 y’’ -3y’ +2y =4t+e
3t

 ,  y(0) =1 ,  y’(0) =-1  [RGPV. May 2018]ME 

Q .29.  Using Laplace Transformation solve the following differential equation  
3 2

2

3 2
3 3 td y d y dy

y t e
dtdt dt

      

Where  y(0)=1,  y’(0)=0  ,  y’’(0)=-2       [RGPV. Dec. 2007] 

Q .30.  Using Laplace Transformation solve the following differential equation 
2

2
2 5 sin

d y dy
y t

dtdt
      

Where  y(0)=1 ,  y’(0)=0 ,                 [RGPV. Dec. 2007] 

Q .31.   Using Laplace Transformation solve the following differential equation 
2

2
2 5 3 sinxd y dy

y e x
dxdx

     

Where  y(0)=0,y’(0)=1,                [RGPV. June. 2007] 



CORPORATE INSTITUTE OF SCIENCE AND TECHNOLOGY, BHOPAL 

7                                                                                  Dr. . Akhilesh Jain: 9827353835 

   (Department of Engineering Mathematics, Corporate Institute of Science and Technology, Bhopal) 

 

 

Q .32.   Using Laplace Transformation solve the following differential equation 
3 2

3 2
2 2 0

d y d y dy
y

dxdx d x
      

Where  y(0) =1,  y’(0) =2,  y’’(0) =2    

Q .33.  Solve the following diff. equation using Laplace transform  
𝑑2𝑦

𝑑𝑥2  
+ 5 

𝑑𝑦

𝑑𝑥
+  6𝑦 = 5𝑒𝑡  , y(0) =2 , 

y’(0)=1            [June14] 

 Simultaneous differential equations: 
Q .34.   Solve the following simultaneous differential equation by Laplace transform 

 
3 2

dx
y t

dt
  ,  0

dx dy
y

dt dt
      With the conditions x(0 ) =  y(0 ) = 0 

Q .35.   Solve the following simultaneous differential equation by Laplace transform sin
dx

y t
dt

  ,  

cos
dy

x t
dt

     With the conditions  x(0)=2 , y( 0) = 0 

Q .36.  Solve the following simultaneous differential equation by Laplace transform 

5 2
dx

x y t
dt

   ,  2 0
dy

x y
dt
      With the conditions x(0 ) =  y(0 ) = 0  [RGPV. Sep. 2009] 

 

 
Fourier Transform 

If  f(x) is the function defined in the interval (-  ,  ) , uniformly continuous in the finite intervals and 

( )f x dx





  converges  then  the Fourier transform of a one-dimensional function f(x) is defined as   

 
1

( ) ( ) ( )e
2

isxf x F s f x dx





   
 [ Note: One can leave coefficient 1/2 ]  . 

The inverse transform 
-1

 is defined as  

                                     

1 1
[ ( )] ( ) ( )e

2

isxF s f x F s ds


 



   
 , Where “s” is a parameter. 

It may be represented by  

 
1

( ) ( ) ( )e
2

isxf x F s f x dx






   
 

 and       
1 1
[ ( )] ( ) ( )e

2

isxF s f x F s ds



 



     

Remark: 1. Since 
, 0

, 0

x x
x

x x


 

 
  hence means   x > a and  –x < a    x >a and  x >-a  or –a<x<a    

2. x a means ......... ..........0.............. .............a a    : a< x <   and  - < x < -a 

Thus   
x ax, x, a x a

f x           
x a0, 0, x a and a x

    
  

          

 For evaluation of integrals we use inverse Fourier transform. 
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Fourier Transform (or Fourier Complex Transform): 

Q. 1 . Write Linear and Change of scale property for Fourier Transform.    [June 2014] 

Q. 2 . State and prove shifting property for Fourier Transform. [Hint: { ( )} ( )isaF f x a e f s  ] 

Q. 3 . State and Prove Convolution Theorem for Fourier Transform.  

Q. 4 . Find the Fourier complex transform of   f(x) ,if   
iwx, a x be

0 , x a , x b
 f x           

 

 
   

  [Ans:
( ) ( ){ ( )} [ ]i s w b i s w ai

F f x e e
s w

   


] 

Q. 5 . Find the Fourier complex transform of   f(x) ,if  
2

x,
 f x     2

x
0,

 












   [Ans: 
sin

{ ( )}
s

F f x
s




 ] 

Q. 6 . Find the Fourier transform of       x a1,
0, x a

f x           



     [May 2018, 2019] 

Q. 7 . Find the Fourier transform of      x 11 ,
0 , x 1

 f x           



           [Nov. 2018] 

Hence evaluate  

(i)

 0

sin cossa sx
ds

s



    (ii) 
0

sin s
ds

s



  (iii)
0

sin x
dx

x



  [2003, June 17] 

 

[Ans: (i) 
2


 (ii) 

2


 (iii)

2


] 

Q. 8 . Find the Fourier transform of     
2 x 11 x ,
0 , x 1

 f x     



    Hence evaluate  

 
3

0

cos sin
cos

2

x x x x
dx

x




   

[Ans: -3π/16]   

Q. 9 . Find Fourier Transform of Dirac Delta Function.  

[Hint  : Dirac Delta function 
0 0

1
,

( ) ( , )
,

0,
h h

a t a h
t a Lim I h t a Lim h

t a t a h


 


  

    
  



    Ans: 
2

isae


] 

Q. 10 . Find the Fourier transform of the function ,   
2axf x    e ,a 0 

 Ans: 

2

4

s

e
a

 

] [June 2015, 17]
 

Q. 11 . Find the Fourier transform of the function ,   
2xf x    e

        [Ans: 

2

4

s

e


]
 

Q. 12 . Show that the Fourier transforms of 

2

2( )

x

f x e


   is self reciprocal. 

Q. 7 .  Find Fourier Transform of  ( )
x

f x e


  (or . ( )
a x

f x e


  ). [Ans : 
2 2

2
( )

a
f x

a s



 ] 
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Fourier Sine Transform: 

 
0 0

2
( ) ( ) ( ) sin ( ) sins sf x F s f x sx dx f x sx dx



 

       

and its inverse transform  1

0 0

2
( ) ( ) ( ) sin ( ) sins sF s f x F s sx ds F s sx ds



 
      

Fourier Cosine Transform: 

 
0 0 0

2 1
( ) ( ) ( ) cos ( ) cos ( ) cos

2
c cf x F s f x sx dx f x sx dx f x sx dx

  

       
  

And its inverse transform

 1

0 0 0

2 1
( ) ( ) ( ) cos ( ) cos ( ) cos

2
c cF s f x F s sx ds F s sx ds F s sx ds

  
       

 

 

Fourier Sine and Cosine Transform: 

Q. 8 . Find the Fourier sine transform of    f(x)= e
-3x

+e
-4x

       [
Ans: 2 29 16

s s

s s


  ]
]     [June 17] 

Q. 9 . Find the cosine transform of the function    
cos x ; 0 x a

f x    
0 ; x a

 


  [Ans: 

sin(1 ) sin(1 )

1 1

s a s a

s s

 


 
 

Q. 10 .  Find the sine transform of the function ,   
sin x ; 0 x a

f x    
0 ; x a

 


  Ans: 

sin(1 ) sin(1 )

1 1

s a s a

s s

 


 

           [Dec. 2014 Nov. 2018]
 

Q. 11 . Find Fourier sine and cosine transform of e
-x 

and recover the original function using inverse formula. 

Q. 12 . Using Fourier integral show that kx

2 20

sin x
  d e , k 0,x 0

2k

  




   


 [Hint: Find F.Sine T. of f(x)= e
-kx] 

Q. 13 . Find the sine and cosine  transform of the function ,    axf x    e
[May 2018] ME

 

Q. 14 . Find the cosine transform of the function ( ) , 0
x

f x e x


  and prove that  
2

0

cos

1 2

xsx
ds e

s





  

Q. 15 .  Find the Fourier sine transform of the function ( ) , 0
x

f x e x


  and prove that   

2

0

sin
, 0

21

mx mx
dx e m

x




 


         [June2014]

 

Q. 16 . Find the Fourier Sine transform of   

x ; 0 x 1

f x          2 x ;1 x 2

0 ; x 2

 


   
 

                [June 17] 

Q. 17 . Find Fourier Sine and Cosine Transform of ( )
x

f x e


  . Hence evaluate 
2

0

sin

1

x mx
dx

x



   .[Dec. 2011] 
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Q. 18 . Prove that   (i) { ( )} { ( )}s c

d
F xf x F f x

ds
               (ii) { ( )} { ( )}c s

d
F xf x F f x

ds
 . Hence evaluate Fourier 

cosine and sine transform of ( ) axf x xe . 

Fourier transforms using Differentiation: 

Q. 19 .   Find the sine transform of the function ,   
1

f x    
x

  

Q. 20 .   Find the Fourier sine transform of  ( )
axe

f x
x



 . Hence find the Fourier sine transform of  1/x. 

[June 2016,17]May 2018 CE, [May 2018 EC] 

Q. 21 . Find Fourier cosine transform of 
2

1
( )

1
f x

x


      

[May18]ME 

Q. 22 . Find the Fourier sine( and Cosine )  transform of  
2

( ) xf x e . Hence find the Fourier sine transform 

of  1/x. [Hint Find F. Sine / Cosine T. and Diff. the eq. to make first order diff eq. and solve it] 

  

USEFUL FORMULAE  
 
𝐹𝐴𝐶𝑇𝑂𝑅𝐼𝑍𝐴𝑇𝐼𝑂𝑁 𝑂𝐹 𝑇𝐻𝐸 𝑆𝑈𝑀 𝑂𝑅 𝐷𝐼𝐹𝐹𝑅𝐸𝑁𝐶𝐸 𝑂𝐹 𝑇𝑊𝑂 𝐴𝑁𝐺𝐿𝐸𝑆  𝐹𝑂𝑅𝑀𝑈𝐿𝐴𝐸 
 
 (𝑖) 2 sin 𝐴 cos 𝐵 = sin(𝐴 + 𝐵) + sin(𝐴 − 𝐵) , (𝑖𝑖) 2 cos 𝐴 sin 𝐵 = sin(𝐴 + 𝐵) − sin(𝐴 − 𝐵) 

 (𝑖𝑖𝑖) 2 cos𝐴 cos𝐵 = cos(𝐴 + 𝐵) + cos(𝐴 − 𝐵) , (𝑖𝑣) 2 sin 𝐴 sin𝐵 = cos(𝐴 − 𝐵) − cos(𝐴 + 𝐵)  

 

 𝑀𝑈𝐿𝑇𝐼𝑃𝐿𝐸  𝐴𝑁𝐺𝐿𝐸    𝐹𝑂𝑅𝑀𝑈𝐿𝐴𝐸  
 

 (𝑖) sin 2𝐴 = 2 sin𝐴 cos𝐴 =
2 tan 𝐴

1 + tan2 𝐴
, (𝑖𝑖) tan 2𝐴 =

2 tan 𝐴

1 − tan2 𝐴
  

 (𝑖𝑖𝑖) cos 2𝐴 = cos2 𝐴 − sin2 𝐴 = 2 cos2 𝐴 − 1 = 1 − 2 sin2 𝐴 =
1 − tan2 𝐴

1 + tan2 𝐴
 

(𝑖𝑣) sin 3𝐴 = 3 sin𝐴 − 4 sin3 𝐴,   (𝑣) cos 3𝐴 = 4 cos3 𝐴 − 3 cos𝐴,   (𝑣𝑖) tan 3𝐴 =
3 tan 𝐴 − tan3 𝐴

1 − 3 tan2 𝐴
 

 
𝐻𝐴𝐿𝐹 𝐴𝑁𝐺𝐿𝐸 𝐹𝑂𝑅𝑀𝑈𝐿𝐴  

     (𝑖) sin 𝐴 = 2 sin
𝐴

2
cos

𝐴

2
=

2 tan
𝐴
2

1 + tan2 𝐴
2

 , (𝑖𝑖) tan 𝐴 =
2 tan

𝐴
2

1 − tan2 𝐴
2

 

  (𝑖𝑖𝑖) cos 𝐴 = cos2
𝐴

2
− sin2

𝐴

2
= 1 − 2 sin2

𝐴

2
= 2 cos2

𝐴

2
− 1 =

1 − tan2 𝐴
2

1 + tan2 𝐴
2

 

 (𝑖𝑣) 1 − cos 𝐴 = 2 sin2(𝐴 2),    1 + cos𝐴 = 2 cos2(𝐴 2)  
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HYPERBOLIC  FUNCTIONS  

 1
2

cosh x xx e e      1
2

sinh x xx e e               
2 2

2 2

1 1
tanh

1 1

x x x x

x x x x

e e e e
x

e e e e

 

 

  
  

  
 

x
x

cosh

1
sech  ,  

x
x

sinh

1
cosech  ,  

x

x

x
x

cosh

sinh

coth

1
tanh 

 

cosh( ) coshx x    tanh( ) tanhx x    

Log forms of hyperbolic functions :    

 1lncosh 21  xxx  ,   1x    

  

 1lnsinh 21  xxx   ,  all x 

 














x

x
x

1

1
lntanh

2
11 , 11  x  

Properties of Hyperbolic Functions:  

1sinhcosh 22  xx  AA 22 sechtanh1   
22sinh 1 cosh 2x x   

xxx sinhcosh22sinh   xxx 22 sinhcosh2cosh   
22cosh 1 cosh 2x x 

 

  BABABA sinhcoshcoshsinhsinh 

 

  BABABA sinhsinhcoshcoshcosh 

 

 

Some Useful formulas: LIMIT OF SOME SPECIAL FUNCTIONS     

(i) 0
1

lim 
 xx

   (ii) e
x

x

x



)

1
(1lim     (iii) ex x

x




1

0
)(1lim   

(iv)  1
sin

lim
0


 x

x

x
=

x

x

x

1

0

tan
lim




 =

x

x

x

1

0

sin
lim




 =

x

x

x

1

0

tan
lim




   

 (v)
 

1 
x

1e
lim

x

x




    
(vi)  0a, In a

x

1a
lim

x

x




   
(v)

 

1






 n
nn

x
 na

ax

ax
lim

 

INDETERMINATE FORMS   

0 00
, ,0 ,0 , , ,1

0


  

    
 resolve indeterminate form before using 

the limit by using L-hospital rule or by solving the fractions. 
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𝑫𝑰𝑭𝑭𝑬𝑹𝑬𝑵𝑻𝑰𝑨𝑳  𝑨𝑵𝑫  𝑰𝑵𝑻𝑬𝑮𝑹𝑨𝑳 𝑪𝑨𝑳𝑪𝑼𝑳𝑼𝑺 

First Principle: The derivative of the function f(x) is the function f’(x) defined by  

 
h

xfhxf
xf

dx

d
xf h

)()(
lim)()(' 0


   

S.No Differentiation Integration 

1 1n nd
x nx

dx

  
1

,
1

n
n x

x dx c
n



 
    n≠ -1 

2 ax axd
e ae

dx
  

ax
ax e

e dx
a

  

3 1
loge

d
x

dx x
  

1
logdx x

x
  

4 1
log loga a

d
x e

dx x
  

log

x
x

e

a
a dx

a
  

5 
sin cos

d
ax a ax

dx
  

cos
sin

ax
ax dx

a
   

6 
cos sin

d
ax a ax

dx
   

sin
cos

ax
ax dx

a
  

7 2tan sec
d

ax a ax
dx

  
logsec logcos

tan
ax ax

ax dx
a a


   

2 tan
sec

ax
ax dx

a
  

8 2cot cos
d

ax a ec ax
dx

   
logcos logsin

cot
ecax ax

ax dx
a a


   

2 cot
cos

ax
ec ax dx

a


  

9 
sec sec tan

d
ax dx a ax ax

dx
  

sec
sec tan

ax
ax ax dx

a
  

sec log(sec tan ) log tan( )
4 2

x
x dx x x


     

10 
cos cos cot

d
ecax a ec ax ax

dx
   

cot
cos .cot

ax
ecax ax dx

a


  

cos log(cos cot ) log tan
2

x
ec x dx ec x x    

11 1

2

1
sin

1

d
x

dx x

 


 1

2

1
sin

1
dx x

x




  

12 1

2

1
cos

1

d
x

dx x

 



 1

2

1
cos

1
dx x

x




  

13 1

2

1
tan

1

d
x

dx x

 


 
1

2

1
tan

1
dx x

x




 

14 1

2

1
cot

1

d
x

dx x

 



 

1

2

1
cot

1
dx x

x



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15 1

2

1
sec

1

d
x

dx x x

 


 1

2

1
sec

1
dx x

x x




  

16 1

2

1
cos

1

d
ec x

dx x x

  


 1

2

1
cos

1
dx ec x

x x

 


  

17 MULTIPLICATION FORMULA 

1 2 2 1 1 2

d d d
  ( ). ( ) ( ). ( ) ( ). ( )

dx dx dx
f x f x f x f x f x f x   

MULTIPLICATION FORMULA 

. { . }
d

u v dx u v dx u vdx dx
dx

      

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳′𝐬𝐮𝐜𝐜𝐞𝐬𝐬𝐢𝐯𝐞 𝐢𝐧𝐭𝐞𝐠𝐫𝐚𝐭𝐢𝐨𝐧 𝐛𝐲 𝐏𝐚𝐫𝐭𝐬 

=  
2 3' '' ............... n

n

u vdx u v dx u vdx vdx           

 

18 DIVISION FORMULA(Quotient Rule) 

2 1 1 2
1

2

2 2

.( ) .( )

( )
( )

d d
f f f f

fd dx dx

dx f f



  

19 1

2

d
x

dx x
  

1/ 2
1/ 21

1/ 2

x
dx x dx

x

    

Some Other Formulae for Integration  

1

2 2

1 1
sin

x
dx

a aa x




  1

2 2

1 1
tan

x
dx

x a a a


  

2 2

1 1
log( )

2

a x
dx

a x a a x




  = 11
tanh

x

a a

  
 
 

 , 

a x a    

 

2 2

2 2

1
log( )dx x a x

a x
  


 = 1sinh

x

a

  
 
 

 2 2

2 2

1
log( )dx x x a

x a
  


 = 1cosh

x

a

  
 
 

 

2 2 2 2 2 11
[ sin ]

2

x
a x dx x a x a

a

     
 

2 2 2 2 2 2 21
[ log( )]

2
x a dx x x a a x x a       

2 2 2 2 2 2 21
[ log( )]

2
x a dx x x a a x x a       

2 2
.sin [ sin cos ]

ax
ax e

e bx dx a bx b bx
a b

 
  

2 2
.cos [ cos sin ]

ax
ax e

e bx dx a bx b bx
a b

 
  

Differentiation  and Integration of Hyperbolic Functions: 

 xf  xsinh  xcosh  xtanh  xsech  xcosech  xcoth  

( )
d

f x
dx

 xcosh  xsinh  xhsec2
 tanh sechx x  cosech cothx x  x2cosech  

( )f x dx
 

xcosh  xsinh  logcoshx

 

1tan (sin )hx

 log tan / 2x  logsin hx  

 

Definite Integral:  

1.   
b

a

b

a

b

a
tfyfxf dt)(dy)(dx)( . 

2.  
a

b

b

a
xfxf dx)(dx)(  

3.  0dx 0dx)(dx)(  
b

a

b

b

a

a
xfxf  

4. Let bca  , then  dx)(dx)(dx)(  
b

a

c

a

b

c
xfxfxf  
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5.  (i)  If )()( xfxf   (Even Function)    then  


a

a

a

xfxf
0

dx )( 2dx )(  

   (ii)  If )()( xfxf   (Odd Function)  then  
a

a
xf 0dx )(  

6. If )(xf  is periodic function, with period T  i.e. )()( xfTxf   

(a)  





T

T
xfxf








dx)(dx)(  (b)  




T

T
xfxf



dx)(dx)(
0

 

 

Some Standard Results: 

 
0

sin

2

x
dx

x




 ,    
0

cos x
dx

x



  ,   
2 2

0
2

a xe dx
a




  , 

2 2a xe dx
a








 ,   
2axe dx

a








 ,   
0

1axe dx
a


  , 

2

0

1

2

xxe dx


  , 

 


