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UNIT-IV

LAPLACE TRANSFORMS:
Definition: Let F(t) is a function of “t” defined for all positive values of t”, then the
Laplace transform of f(t) is denoted by L {F(t)} = f(p)=f(S) and is defined by,

(P -

f(p

)=je-IDt F(t)dt
0

Provided the integral is convergent. The parameter “p” of “s” may be real or complex number.

Laplace Transform L {F(t)} = f(p)

Inverse Laplace Transform L™ {f(p)}= F(t)

|_{1}:i , p>0 L'l{i}=1, p>0
p p
1 a1, 1
L{tj=—-, p>0 L —=-}=t, p>0
P p
n! 1 tn
Lt = -1 -
{ } phtt PO - {pn+1 }_n! =
L{et}=—1, p>a LY— }=e®, p>a
p—a p-a
__ b -1 p _
L{cosat}=———, p>0 L{ T }=cosat, p>0
p+a p-+a
. _ 1 sinat
L{sinat}=———, p>0 LY =)= ps0
p-+a p-+a a
L {coshat} = P Ip|>0 L P }=coshat, |p|>0
2 .2 0% — a2 '
. ) a sinhat
L {sinhat} = > . IpI>0 LY a2 }= a |p|>0

Linear Property L{aF(t)+bF,(t)} = aL{F1(t)}+bL{F,(t)}

: L{aF(t)+bF,(t)} =a L™F(t)+b LF,(t)

Change of Scale property L{ F(at)}= é f (2)

where f(p)= L {F(t)}

Change of Scale property: L{ f (ap)}= i F( é ),
where F(t)= L™{f(p)}
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Differentiation Theorem L{F’(t)}=p L{F(t)} — F(0)

& L{F'®)=p" L{FW} —p™ F(O)- p™* F'(0)- ... -F"(0)

Q.1. Find the Laplace transform of the Elementary functions:
(i) 1 (ii) t (iii) t"(iii) Sinat (iv) cosat (v) e (vi) sinhat (vii) coshat
Q .2. Find the Laplace transform of the Elementary functions:

at

(i) 2 +1)? [May2018EC] (ii) &—

[May2018CE](iii) 2sint.cost [May2018EC]

(iv) sin3t.sin4t (v)4cos®t (vi)e™ —e™® (vii) (sint—cost)® (viii)3t* —2t> +4e™> —2sin 5t + 3cos 2t
(ix)6sin 2t —5cos 2t [May 2018]

Q .3.  Find the Laplace transforms of(1) L{sin\/t_} (2)L{COS\/_} [ Ans: (|) Jr 4" (i), [— » ‘;p
[

\/‘ 3/2
3 5 2 4
[ Hint: sick=~-X X _ . &cosx=1-> 4% _ . ]
11 31 5l 21 4
1;0<t<?2
Q 4. Find the Laplace transforms of f(t):{t 1:2<t [May 2019
t-1)% t>1 -p
Q .5.  Find the Laplace transforms of f(t)={0( 0) (<1 [Ans: 2e_3 [June 2015, Nov. 18]
; O<t< s
sint ; O<t<
Q .6. Find the Laplace transforms of f(t):{ d [Ans: ! ~(1+e™™)
0 ;t>x 1+p

-p
Q.7.  Find the Laplace transforms of f(t)=|t—1]+|[t+1],t>0 [Ans: E(1+e—)
p p
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—(t-1)+(t+1); 0<t<1
Q 8. )= .
[Hint : (t-1)+(t+2); t>1
t-1=—(t-1),t<1l &Jt-1=(t-1),t>1 and |t+1=t+1 ,t >0,
Q.9.  Write three properties of Laplace Transform. [May 2019]

FIRST SHIFTING THEOREM (Translation)Theorem L{e* F(t)} = f(p-a) where f(p)= L {F(t)}]

Q .10.  State and prove first shifting theorem. [June 2014]
0 .11 Find the Laplace transforms of (1) L{e“”sinSt} [ Dec.2007] (2) L{e*(3sinh2t—5cosh2t)}
3) L{e™t"} (4) L{e'sin’t Ans: (i i) 1P iy "
®) { } @ { }[May2018][ ® (p+4)*+3° (i p>+2p-3 (i) (p+3)™

Q .12. State and prove Second shifting theorem.

F(t-a), t>a .
Or If L{F(@)}=f(p) and G(t):{ then L{G(t)}=e™® f(p)

0, t<a
Q .13.  State and prove Change of Scale property. { If L {F(t)}=f(p) then L{F(at)}=1/a f(p/a)

n
MULTIPLICATION THEOREM [ L{t”F(t)} =(—1)O‘|3|F f(p)]  wheref(p)= L {F(t)}]

- - 2 -
Q.14. Find (1)L{tsinat} [May 2018 EC] (2) L{t’sinat] [ Dec. 2004 , 2010, 2011 May 2018]

4 -3t 2 -t qj
(3) L{t'e™} [June 2016] (4) L{t*cosat} (5) L{te'sinat} [RGPV. June 2006.2016]

n,—at —A4t Az
(6) L{t"e™} [May 25018 EC] (7) Lfte smst}[MayZOlB]ME

Q.15. Find (L{ t*¢™ cos3t} [June 2014] (2) L{te" sinat}(3) L{te " sin3t] [June 2006]

2a(p+1) 6(p+1)
[Ans: (1) 2 {(p+1)>+a®¥ () (p>+2p+10)?

F(t), T
L{¥}= [f(p)dp  where f(p)= L {F(t}]
p

Q .16. Find the Laplace transforms of L{S':t} and obtain L{

DIVISION THEOREM:

sin at

} [Ans: tan™ (1/p) & tan™ (a/p)

Ans: —Iog(p
P

)][ Dec. 2003, June 2007, 2012]

Q.17. Find (i) L{

(ii) L{l_et

Q .18. Show that L{

1—c052t}[

} [Ans: Iog(pT_l) Dec. 2011] (iii) L{ e” —¢” [Ans: Iog( ) ]

} [May 2018]

cos at}does not exist but L{—COS at t—cos bt} exist and find it. [ Dec. 2010June 2012]

—t .= t
Q .19. Find the Laplace transform ofL{e im } [Ans: cot™(s+1) ]

LAPLACE TRANSFORM OF DERIVATIVES:
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Q .20. Prove that : If F(t) is continuous for all t>0 and be of exponential order “a” as t—oc and if F’(z) is of
class A, then Laplace transform of F’(?) exist and |L{F (t)} = pL{F (t)}-F(0) [June 2001]

t
LAPLACE TRANSFORM OF INTEGRALS: | L{J‘ F(X)dX}:%L{ F(t)}

Q 21. Find (1) L{js'”t } @) L{Je St'”t }

EVALUATION OF INTEGRALS USING LAPLACE TRANSFORM:

[ Sep. 2009, June 14] [[Ans: (1) cot™p (2) 1/p cot™ p-1)

e 'sint sinat

Q 22. Evaluate (1) j dt (2) j dt (3) j Mdt 2) j tesintdt (5) j e tsintdt
2 2
p +b
[Ans: (1) (2) tan-1 (a/p) (3) —Iog >— (4)3/50 (5)0
2 " p°+a

® g-at _ o-ht
Q .23. Using Laplace transform Prove that (1) Iﬂdt _E (2).|.4dt—logE

0

(3) fte‘2t costdt = =
5 25

Laplace Transform of Some Special Functions :

Q .24. Find Laplace transform of (i) Sine Integral Function Si(t) = J-smu

o ! [Ans: 1/p cot™p]
0, t<a

(iii) Unit Step Function or Heaviside’s function H(t—a)= {1 (>3
, t>

[Hint: use discontinuous function formula L{H(t-a)}=e*/p]

1
=, 0<t<
(iv) Dirac Delta Function or Unit Impulse function Fe(t)=< ¢’ ¢
> &
0 [Dec. 2003, Dec. 2006]
[Ans: 1/se (1-e™)]
T
j e P'E(t)dt

Q .25. Let F(t) = f(p) be a periodic function with period T , then prove that L{F(t)} = 7
—e

[RGPV Jan. 2007,Dec. 2011]
Q .26. If L{F(t)} =f(p) then prove that L {t F(t)}=-/"(p) [RGPV. Dec. 2001]
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INVERSE LAPLACE TRANSFORMS:

First Shifting (Translation)Theorem : L™*{ f(p-a)} = e* L™ F(t)} , where f(p)= L {F(t)}

Q.27  Find the Inverse Laplace Transform of (i) L‘l{ 6 — 3+4p + 8-6p }(ii) L‘l{p;}

2p-3 9p°-16 16p*+9 _6p+18
(iii) L {%} [May 2018 EC] (iv) L—l{gpzl Zp} [June 2016]
~2p- +

5p+3
p-1)(p*+2p+5)

(v) Ll{L} [May 2018 CE,EC] (i) Ll{(

[May 2018] ME
p*—4p+20 }

Q.17.  Find (1) Ll{ }[May 2018] (2) '—1{ p+12}

p>—6p+10 (p+2)
3
L—l
3) {(p+1)2} (4) Ll{—6p2_15p_131}
(p+1)(p_2) [NOV18]
2 2
@ L‘l{ 21|0 —62p+5 3} - L_l{ ?p6+222il+186}
(P-D(p-2)(p-3) p~+op +1lip+ [June 2015]

Convolution Theorem: If L™ {f(p)}= F(t) and L™ {g(p)}= G(t) , where F and G are two function of Class
t

A then L'{f(p).g(p)}= j F(X)G(t—x)dx=F*G
0

=)
(P+D(P=2)J [pay2018cE, EC]

a 1 4 1
L T2 a2\2 _—_—mm
? {(pz +a2)2} B ey Hune2014]

Q .18. Use Convolution theorem to evaluate. (1) L‘l{

4 Lt {ﬁ [RGPV.June 2008, June, Dec. 2011, 2012, Dec, 2011, June 2015, June 2016]
p-+a

2

- 1 - P
5) L' —————— [ June 2011 ,Nov.18](6) L June 2006, 2008, Dec.
© {(p+3)(p2+9>}[ une 2011 Nov-11(0) {(p2+a2>(p2+b2)}[ ‘
2008,2010]
Heaviside’s Expansion Theorem: If f(p) and g(p) are two polynomials in p ,where degree f(p) <degree g(p) . If g(p) is
a polynomial of n- dlstlnct zeros L 102 r e n then
f (p)} Z f (a ) at f (0{1) ealt 4 f (az) eazt L f (ai) eait
g( P T 9(x) 9'(y) 9'(a,) 9'(e)
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16
Evaluate L™ { T +p1)(+p2 " 4)} [RGPV. June 2002, 2012 Jan. 2006]
Q .23. Evaluate L‘l{m} [RGPV. Sep. 2009]

Ll{log PP +1)} 2) L‘l{log p—”} [June 2005, Feb. 2010]
Q 24. Find (i) (P°+4)]  [RGPV. Dec. 2004] p-1
a p’ - 1 ﬂ
(3) L {Iog 0 }[Jan2006] (4) L™ [log P+3] [June 2014]
) L {logml)} Ltan (p/2)} ) L tan ™ @/ p)} [Dec. 2012
P (6)

SOLUTION OF DIFFERENTIAL EQUATIONS BY LAPLACE TRANSFORMS
d2y
—+9y 6cos 3t

Q .25. Using Laplace Transformation solve the following differential equation dt?
y(0)=2, y’(0)=0,

2
Q .26. Using L. T. solve the following differential equation %+9x =cos2t,if x(0) =1, x (%) =-1
t

[RGPV .June. 2008]
Q .27. Using Laplace Transformation solve the following differential equation

y -2y +y =e', y(0) =2, y'(0) =-1 [RGPV. Dec. 2008 , 2011 , Feb. 2010,Nov.18]
Q .28. Using Laplace Transformation solve the following differential equation
y77 -3y +2y =4t+e | y(0) =1, y’'(0) =-1 [RGPV. May 2018]ME
Q .29. Using Laplace Transformation solve the following differential equation i—?’g— ?j—zy 3 ?t/ y =t
Where y(0)=1, y'(0)=0 , y"'(0)=-2 t [tRGPV. Dec. 2007]
Q .30. Using Laplace Transformation solve the following differential equation (;tj+ 2 Z)t/ +5y =sint
Where y(0)=1, y'(0)=0, [RGPV. Dec. 2007]
Q .31. Using Laplace Transformation solve the following differential equation 2—23/ + 2% +5y =3¢ "sinx
Where 1(0)=0,y"(0)=1, X[RGPV. June. 2007]
6 Dr. . Akhilesh Jain: 9827353835
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3 2
Q .32. Using Laplace Transformation solve the following differential equation % +2 3 2y jy -2y=0
X x Ox
Where y(0) =1, y’(0) =2, y’(0) =2
d? d
Q .33. Solve the following diff. equation using Laplace transform dx—;’ +5 ﬁ + 6y = 5et, y(0) =2,

y'(0)=1 [Juneld]
Simultaneous differential equations:
Q .34. Solve the following simultaneous differential equation by Laplace transform

3%—y=2t, %+ﬂ y =0 With the conditions x(0 ) = y(0) =0

dt dt  dt

N . . . dx .
Q .35. Solve the following simultaneous differential equation by Laplace transform pm +y=sint,

3—{ + X = cost With the conditions x(0)=2,y(0) =0

Q .36. Solve the following simultaneous differential equation by Laplace transform

%+5x—2y =t, 3—¥+ 2x+Yy=0 With the conditionsx(0) = y(0) =0 [RGPV. Sep. 2009]

Fourier Transform

If f(x) is the function defined in the interval (-oc , oc ), uniformly continuous in the finite intervals and

j | f(x)|dx converges then the Fourier transform of a one-dimensional function f(x) is defined as

—00

S[f()]=F(s) =% J' f (x)e'™ dx [ Note: One can leave coefficient 1/21 ] .

The inverse transform < is defined as

IF(s)] = f(X) = 2i I F(s)e ™ ds , Where “s” is a parameter.
T

It may be represented by

S[fF(0]=F(s) :% [ fo0e™ dx

_ 1 % i
and SUFE)]=f(0)=—= [ F(s)e ™ ds
27 Y
] X , x>0
Remark: 1. Since |x| = 0 hencemeans X>aand -x<a — Xx>aand X >-a or —a<x<a
—X ,X<
2. |x>ameans —o......... — Q. [ ST - WO wia<Xx<o and -c<x<-a

i coa 2 I X<a [x, —a<x<a
Thus (x) = 0, [x>a [0, ~o<x<-aand a<x<oo

» For evaluation of integrals we use inverse Fourier transform.
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Fourier Transform (or Fourier Complex Transform):

Q. 1. Write Linear and Change of scale property for Fourier Transform. [June 2014]
Q. 2. State and prove shifting property for Fourier Transform. [Hint: F{f (x—a)}=¢" f(s)]
Q. 3. State and Prove Convolution Theorem for Fourier Transform.

{e‘WX’ a<x <b

Q. 4. Find the Fourier complex transform of f(x) ,if f (x) = (% << a. x>b

[Ans: F{f (x)}= _HLW[ei(SHv)b _gisway

. . . ver x|<e sinse
Q.5. Find the Fourier complex transform of f(x) ,if f (x)=1 2¢ " [Ans: F{f(X)}= ]
0,
Q. 6. Find the Fourier transform of f (X) = {é; KI i 2 [May 2018, 2019]
. . <1
Q. 7. Find the Fourier transform of  f (X) = {3 I);I ; [Nov. 2018]

Hence evaluate
(i) [ T s (G )j —d s (ii )j —d X [2003, June 17] [Ans: (.) T i) Z > (i) ]

* XCOSX—Sin X

. . —x? <1
Q. 8. Find the Fourier transform of f (X) :{1 XO ’ KI o1 Hence evaluate j —3003ng
0

X
[Ans: -37/16]
Q. 9. Find Fourier Transform of Dirac Delta Function.

_ =, a<t<a+h gisa
[Hint : Dirac Delta function o6(t—a) = L|mI(h t—a)=Lim<h’ Ans: —]
h—0 0 t<at>a+h 27

Q. 10 . Find the Fourier transform of the function, f (X)

_ax2 0 ,i
€ 28>0 Ans: {38 1 [une 2015, 17]

Q. 11 . Find the Fourier transform of the function, f (X)—e_x2 «/;e_%
T ’ N [Ans: ]
R
Q. 12 . Show that the Fourier transforms of f()=e 2 is self reciprocal.
Q.7. Find Fourier Transform of f(x)=e ™ (or. f(x)=e @ ).[Ans: f(x)= \/7 5 ]
a®+s?
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Fourier Sine Transform:

I [f(X)]=F(s) =T f (x) sinsxdx = FT f (x) sinsxdx
0 7o

and its inverse transform 3~ [F(s)] = f,(x) = J' F(s) sinsxds = FI F(s) sinsxds
0 7o

Fourier Cosine Transform:

S [F(X)]=F.(s) =O_(|)g f (x) cossxdx=\Ez f(x) cossxdx:%z f (x) cossxdx

And its inverse transform

1 PR _ 27 1
R C[F(s)]_fc(x)_gF(S)cossxds_J;gF(s)cossxds_@

F(s) cossxds

O

Fourier Sine and Cosine Transform:

Q.8.

Q.9.

Q.10.

Q.11.
Q.12.

Q.13.
Q.14.
Q.15.

Q.16.

Q.17.

S S
Find the Fourier sine transform of ~ f(x)= e+ + June 17
® lans: s "6 w7 :

cosx ; O0<x<a i in(l-
Find the cosine transform of the function  f (x)= . sind+s)a + sind -s)a

0 ; x>a [Ans: 145 1-s

- : . sinx ; 0<x<a in(l— in(l
Find the sine transform of the function, f(x)= ) sinl—s)a_sin(L+s)a
0 : x>a Ans: 1_s 1+s

[Dec. 2014 Nov. 2018]
Find Fourier sine and cosine transform of e™ and recover the original function using inverse formula.

}Lsm/ix

Using Fourier integral show that I di —72T K >0,x>0 [Hint: Find F.Sine T. of f(x)= ™

2 K2
. _ X
Find the sine and cosine transform of the function , f (X)—e [May 2018] ME
Find the cosine transform of the function f (x) =e ¥/, x> 0and prove that I SSX ds = %e‘

X

Find the Fourier sine transform of the function f(x)=e L , X >0and prove that

Ixsmmx B ﬂ'e "m0
1+x [June2014]
X ;0<x<1
Find the Fourier Sine transform of f(x) =42-x;1<x<2 [June 17]
0 ;x>2
Find Fourier Sine and Cosine Transform of f (x) = e . Hence evaluate J' xsin mx X .[Dec. 2011]
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Q. 18 . Prove that (i) F{xf(x)}= —% FALf(X)} (i) FAxf(X)}= % F{f (x)}. Hence evaluate Fourier

cosine and sine transform of f (x) = xe™®

X | =

Q. 19. Find the sine transform of the function, f (x)=
. . e

Q.20. Find the Fourier sine transform of f(x) = - Hence find the Fourier sine transform of 1/x.
[June 2016,17]May 2018 CE, [May 2018 EC]

Q. 21 . Find Fourier cosine transform of f (x) = ! 5 [May18]ME
1+x

2
Q. 22 . Find the Fourier sine( and Cosine ) transform of f(x)=¢~* _Hence find the Fourier sine transform
of 1/x. [Hint Find F. Sine / Cosine T. and Diff. the eq. to make first order diff eq. and solve it]

USEFUL FORMULAE
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0

1 ,OX(X) 100 , 0

,00—o0 1% resolve indeterminate form before using

o ©

the limit

c

y using L-hospital rule or by solving the fractions.

1
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First Principle: The derivative of the function f(x) is the function f*(x) defined by
, d .
09 = [Feo]=lim, .,

f(x+h)—f(x)
h

Dr. . Akhilesh Jain: 9827353835
(Department of Engineering Mathematics, Corporate Institute of Science and Technology, Bhopal)




CORPORATE INSTITUTE OF SCIENCE AND TECHNOLOGY, BHOPAL

Some Other Formulae for Integration

Differentiation and Integration of Hyperbolic Functions:
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